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Abstract
An associative ring with unity is called clean (respectively uniquely clean) if every element is
(uniquely) the sum of an idempotent and a unit. In this paper we define clean general rings (with or
without a unity) and extend many of the basic results to the wider class. In particular, a clean general
ring is an exchange ring in the sense of Ara. We then study the general analogue of the uniquely
clean rings and their relationship to the boolean rings. Finally, we introduce semiboolean rings as a
natural generalization of boolean rings.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
An element in a ring R is called clean if it is the sum of an idempotent and a unit in R,
and R is called a clean ring if every element is clean. Examples include every semiperfect
ring [4] and every unit regular ring [3]. Clean rings are all exchange rings [1], and a ring
with central idempotents is clean if and only if it is exchange [9]. Exchange rings [13] arise
in functional analysis: For example, it is known [2] that, for unital C∗-algebras, being an
exchange ring is the same as having real rank zero. In response to this, Ara [1] defined
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298 W.K. Nicholson, Y. Zhou / Journal of Algebra 291 (2005) 297–311and explored the notion of an exchange ring without unity. In this paper we extend the
definition of a clean ring to general rings (without unity), and prove extensions of many of
the results known for rings.
Let I be a general ring and let A  I . If I is clean, we show that I is exchange (con-
versely if idempotents are central); that the matrix ring Mn(I) is clean; and that both A
and I/A are clean and idempotents lift modulo A (conversely if A ⊆ J (I) or primitive
factors of I are artinian). We call a general ring uniquely clean if every element is uniquely
the sum of an idempotent and an element q for which q + p + qp = 0 = p + q + pq for
some p. We show that a general ring I is uniquely clean if and only if I/J (I ) is boolean,
idempotents lift modulo J (I), and idempotents in I are central; if and only if A and I/A
are uniquely clean, every idempotent of I/A can be lifted to a central idempotent of I ,
and J (I/A) = (A + J )/A. Finally, we call a general ring I semiboolean if I/J (I ) is
boolean and idempotents lift modulo J (I). We show that I is semiboolean if and only if
each element has the form e + a where e2 = e and a ∈ J (I); if and only if A and I/A are
semiboolean, idempotents lift modulo A, and J (I/A) = (A+ J (I))/A.
By the term “ring” we mean an associative ring with unity, and by a general ring we
mean an associative ring with or without a unity. For clarity, R and S will always denote
rings, and general rings will be denoted A, B , C, I , K or L. We denote the group of units
of the ring R by U = U(R). If I is a general ring, the Jacobson radical is denoted by
J = J (I), and I is called a radical ring if J (I) = I . We write A  I to indicate that A
is an ideal (right and left) of I, the ring of integers is denoted by Z, and we write Mn(I)
and Tn(I ) for the rings of all (respectively all upper triangular) n × n matrices over the
general ring I . If S is a ring and I is a general ring such that I = SIS is a bimodule,
the ideal extension of S by I is defined to be the additive group E(S; I ) = S ⊕ I with
multiplication (r, a)(s, b) = (rs, rb+as+ab). This is an associative ring if and only if the
conditions s(ab) = (sa)b, a(sb) = (as)b and (ab)s = a(bs) are satisfied for all s ∈ S and
a, b ∈ I . In this paper E(S; I ) will always be an associative ring. In this case I  E(S; I ),
and E(S; I )/I ∼= S. In particular, I 1 = E(Z; I ) is the standard unitization of the general
ring I . Note that a module XI becomes a unital I 1-module via x(n, a) = nx + xa.
2. Clean general rings
If I is a general ring and p,q ∈ I , we write p ∗q = p+q +pq . Then (I,∗) is a monoid
with unity 0, and we denote the group of units of (I,∗) by
Q = Q(I) = {q ∈ I | p ∗ q = 0 = q ∗ p for some p ∈ I }.
Note that J (I) ⊆ Q(I). If R has a unity, then Q = {q ∈ R | 1+q ∈ U(R)}; in fact (Q,∗) ∼=
U = U(R) via q → 1 + q . Recall that R is clean if every element a ∈ R can be written as
a = e + u where e2 = e ∈ R and u ∈ U .
Lemma 1. The following are equivalent for a ring R:
(1) R is clean.
(2) For each a ∈ R, a = e + q where e2 = e and q ∈ Q.
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a = e + q where q = u − 1 and q ∗ p = 0 = p ∗ q where p = u−1 − 1. Conversely, if
a − 1 = e + q where e2 = e and q ∈ Q, then a = e + u where u = q + 1 ∈ U . 
With this in mind, an element a in a general ring I is called a clean element if a = e+q
where e2 = e and q ∈ Q = Q(I); and I is called a clean general ring if every element
is clean. Hence idempotents and elements of Q(I) are all clean, and I has no nonzero
idempotents if and only if I is a radical ring. Clearly, every homomorphic image of a clean
general ring is clean, and the direct product
∏
i Ki and direct sum
⊕
i Ki of general rings
is clean if and only if each Ki is clean.
There is another operation ◦ on a general ring I defined (see [8, p. 8]) by x ◦ y =
x + y − xy. Again (I,◦) is a monoid with unity 0. Using this, a general ring I is called an
exchange ring [1] if the following equivalent conditions hold:
(1) For each x ∈ I , there exist r, s ∈ I and e2 = e ∈ I such that e = rx = s ◦ x.
(2) For each x ∈ I , there exist r, s ∈ I and e2 = e ∈ I such that e = xr = x ◦ s.
These conditions extend the fact (see [9]) that a ring R is exchange if and only if for all
x ∈ R there exists e2 = e ∈ Rx such that 1 − e ∈ R(1 − x); equivalently, there exists e2 =
e ∈ xR with 1 − e ∈ (1 − x)R. The following result shows that other known relationships
between clean and exchange rings continue to hold in the general case.
Theorem 2. Let I be a general ring. Then:
(1) If I is clean, then I is exchange.
(2) If I is exchange with central idempotents, then I is clean.
Proof. (1) For x ∈ I , write −x = f + q where f 2 = f ∈ I and q ∈ Q(I), say q ∗p = 0 =
p ∗ q where p ∈ I . If we write e = f + qf + fp + qfp, then
e2 = e = x2 + x2p − xp. (∗)
In fact, using a virtual 1 for clarity, we have e = (1 + q)f (1 + p), so e = e2 because
(1 + q)(1 + p) = 1 = (1 + p)(1 + q). Moreover, since q(1 + p) = −p, we have
x2(1 + p) = (f + qf + f q + q2)(1 + p) = (1 + q)f (1 + p)+ (f + q)(−p) = e + xp,
proving (∗). In particular, e = xr where r = x+xp−p. Moreover, e−x = (x2 −x)(1+p)
by (∗) so e = x ◦ s where s = −x(1 + p) = −x − xp. This shows that I is exchange, as
required.
(2) Given x ∈ I , write z = −x for convenience, and choose e2 = e = az = b ◦ z where
a, b ∈ I . We may assume that ea = a, so aza = a. Hence e = az and za are both (cen-
tral) idempotents, and we have az = (aza)z = a(za)z = (za)az = za(az) = z(az)a = za.
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b ◦ z = z ◦ b (so bz = zb). Moreover,
(z + e)(a + b) = za + zb + ea + eb = e + (z + b − e)+ a + e = (z + e)+ (b + a),
that is (z + e) ◦ (a + b) = 0. This means that (−z − e) ∗ (−a − b) = 0, and it follows that
x − e = −z − e ∈ Q(I), proving that I is clean. 
Note that Chen [6, Theorem 1.3] discusses the situation where I R and each element
of I is clean in R.
If T is a right or left ideal of a general ring I , we say [12] that idempotents lift strongly
modulo T if x2 − x ∈ T implies e − x ∈ T for some e2 = e ∈ xI (equivalently e ∈ Ix).
The following result extends [9, Theorem 2.1].
Theorem 3. A general ring I is exchange if and only if idempotents lift (lift strongly)
modulo every one sided ideal of I .
Proof. We prove it for right ideals T of I . If I is exchange and x2 − x ∈ T , x ∈ I , choose
e2 = e = xr = x ◦ s where r, s ∈ I . Then e ∈ xI and
e − x = (e − xe)− (x − xe) = (x − x2)r − (x − x2)(1 − s) = (x − x2)(r + s − 1) ∈ T .
Conversely, given x ∈ I choose e2 = e ∈ I such that e − x ∈ (x2 − x)I 1. Then e ∈ xI
because e = e2. If we write e − x = (x2 − x)(n + a), n ∈ Z, a ∈ I , then e = x ◦ s where
s = −x(n+ a). 
Corollary 4. Idempotents lift strongly modulo each right or left ideal of a clean general
ring.
A general ring I is called semipotent if each right (equivalently left) ideal not contained
in J (I) contains a nonzero idempotent.
Proposition 5. Every exchange general ring I is semipotent.
Proof. If K  J (I) where K is a left ideal of I , we must show that K contains a nonzero
idempotent. Suppose on the contrary that e2 = e ∈ K implies that e = 0. Fix a ∈ K . Since
I is exchange, let e2 = e ∈ Ia be such that e = s ◦ a for some s ∈ I . Then e = 0 because
e ∈ Ia ⊆ K , so s ◦ a = 0. This implies that K is quasi-regular, so K ⊆ J (I), a contradic-
tion. 
Corollary 6. Every clean general ring is semipotent.
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We begin with useful characterization of a clean general ring I using ideal extensions
E(S; I ).
Proposition 7. The following are equivalent for a general ring I :
(1) I is clean.
(2) Whenever I R where R is a ring, each a ∈ I is a clean element of R.
(3) (0, a) is clean in E(Z; I ) for every a ∈ I .
(4) There exists a ring S such that I = SIS and (0, a) is clean in E(S; I ) for all a ∈ I .
Proof. (1) ⇒ (2). Given a ∈ I R, let −a = e+q , e2 = e, q ∈ Q(I). Then a = (1− e)+
(−1 − q) where (1 − e)2 = 1 − e and −1 − q is a unit of R.
(2) ⇒ (3) ⇒ (4). These are clear—take R = E(Z; I ) in (2) to get (3).
(4) ⇒ (1). Given R as in (4), let a ∈ I , and write −a = e − u where e3 = e ∈ R and
u ∈ U(R). Then 1 − e = u−1(u(1 − e)) = u−1(a(1 − e)) ∈ A. If we write u = 1 + q where
q ∈ Q(R), then a = −e + u = (1 − e)+ q where q ∈ A∩Q(R) = Q(A). 
Theorem 8. Let I be a clean general ring and A I . Then A is clean.
Proof. Write R = E(E; I ). Then A ∼= (0,A)  R so it suffices by (4) of Proposition 7
to show that (0, a) is clean in R for each a ∈ A. But if −a = f + q where f 2 = f ∈ I
and q ∈ Q(I), then (0, a) = (1,−f ) + (−1,−q). This proves (1) because (1,−f ) is an
idempotent of R and (−1,−q) = −(1, q) is a unit in R (the inverse is −(1,p) where
q ∗ p = 0 = p ∗ q). 
Thus, for example, every ideal of a semiperfect or unit-regular ring is a clean general
ring (by [4]), and the ideal of all linear transformations of finite rank on a vector space of
countably infinite dimension is a simple, clean, regular general ring (by [10]).
The next result is known for exchange general rings [1, Theorem 2.2]; our proof in the
clean case requires the following useful property of general rings.
Lemma 9. For a general ring I , write I¯ = I/J (I ). If x ∈ I and x¯ ∈ Q(I¯ ), then x+J (I) ⊆
Q(I).
Proof. Since x¯ ∈ Q(I¯ ), let x ∗ y ∈ J = J (I), y ∈ I . If a ∈ J , we have (x + a) ∗ y =
a + ay + x ∗ y ∈ J , whence (x + a) ∗ y ∗ t = 0 for some t ∈ I . Similarly, (x + a) has a left
∗-inverse. 
Theorem 10. Let I be a general ring and let A I .
(1) If I is clean, then A and I/A are both clean and idempotents lift modulo A.
(2) The converse is true if A ⊆ J or if all primitive factors of I are artinian.
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(2) First assume that A ⊆ J . Write I¯ = I/A and x¯ = x + A for x ∈ I . Given x ∈ I ,
let x¯ = e¯ + q¯ where e¯2 = e¯ and q¯ ∈ Q(I¯ ). By hypothesis, we may assume that e2 = e, so
x − e = q + a where a ∈ A ⊆ J . Thus x − e ∈ Q(I) by Lemma 9, as required.
Now assume that all primitive factors of I are artinian. Note first that I is exchange by
Ara [1, Theorem 2.2] because A and I/A are exchange (using Theorem 8). If I is a (unital)
ring, a result of H. Chen [5, Theorem 1] asserts that I is clean. However, Chen’s proof goes
through in the general case with minor modifications. 
Question 1. If A I , both A and I/A are clean, and idempotents lift strongly modulo A,
is I clean?
Note that if I and A are as in Question 1, then I is exchange by Ara [1, Theorem 2.2].
We do not know if right ideals of a clean general ring are again clean. We do have:
Corollary 11. If R is a ring and e2 = e ∈ R, then eR is a clean general ring if and only if
eRe is clean ring.
Proof. Observe that the map θ : eR → eRe given by θ(x) = xe is an onto ring morphism
with kernel K = eR(1 − e). Hence eR/K ∼= eRe and K2 = 0. If eRe is clean this implies
that eR is clean by Theorem 10; conversely, if eR is clean so is its image eRe. 
Thus, for example, if F is a field the general ring I = [ F F0 0 ] is clean using matrix
operations.
It is an open question whether eRe is clean if R is a clean ring and e2 = e ∈ R. Using
Corollary 11, this becomes:
Question 2. If e2 = e ∈ R where R is a clean ring, is eR a clean general ring?
The following theorem extends [7, Corollary 1].
Theorem 12. If I is a clean general ring, then Mn(I) is clean for every n 1.
Proof. We induct on n  1, the case n = 1 being clear. Assume Mn−1(I ) is clean where
n > 1. If α ∈ Mn(I), write α =
[
A X
Y b
]
in block form where A ∈ Mn−1(I ) and b ∈ I . By
hypothesis, A = E + P where E2 = E ∈ Mn−1(I ) and P ∗ P ′ = 0 = P ′ ∗ P for some
P ′ ∈ Mn−1(I ). Then b−YP ′X−YX ∈ I so, since I is clean, we have b−YP ′X−YX =
g + q where g2 = g ∈ I and q ∈ Q(I). Let q ′ ∈ I be such that q ∗ q ′ = 0 = q ′ ∗ q . Then
α − [E 00 g ]= β , where β = [ P XY q+YP ′X+YX ], so it remains to show that β ∈ Q(Mn(I)). If
we define
β ′ =
[
P ′ + (P ′X +X)(q ′YP ′ + YP ′ + q ′Y + Y) −(P ′Xq ′ +Xq ′ + P ′X +X)
−(q ′YP ′ + q ′Y + YP ′ + Y) q ′
]in Mn(I), it can be verified that β ∗ β ′ = 0 = β ′ ∗ β . Hence Mn(I) is clean. 
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uses elementary transformations to find the inverse.
4. Uniquely clean general rings
Recall [11] that a ring R is said to be uniquely clean if every element of R can be written
uniquely as the sum of an idempotent and a unit. Accordingly, we call a general ring I
uniquely clean if each element of I can be written uniquely as the sum of an idempotent
and an element from Q(I). The proof of Lemma 1 adapts to prove:
Lemma 13. A ring R is uniquely clean if and only if it is uniquely clean in this general
sense.
Example 14. A direct product
∏
j Ij or a direct sum
⊕
j Ij of general rings is uniquely
clean if and only if each Ij is uniquely clean.
Example 15. Let I denote a general ring.
(1) I is boolean if and only if it is uniquely clean and Q(I) = 0.
(2) I is radical if and only if it is uniquely clean and has no nonzero idempotents.
Proof. (1) If I is boolean and q ∈ Q(I), let q +p+pq = 0. Then q2 +pq +pq2 = 0 so,
since q = q2 and char(I ) = 2, we get q = 0. Thus Q(I) = 0; the rest is clear.
(2) If I is radical and e2 = e ∈ I , then e = 0, and again the rest is easy. 
Proposition 16. Let I be a uniquely clean general ring. Then the following hold:
(1) Every idempotent of I is central.
(2) eIe is a uniquely clean ring whenever e2 = e ∈ I .
(3) 2a ∈ J (I) for any a ∈ I .
(4) Q(I) = J (I).
Proof. (1) Let e2 = e and x ∈ I , and write q = exe − ex. Then q ∗ (−q) = 0 = (−q) ∗ q ,
and e + q is an idempotent. Since (e + q)+ 0 = e + q , we obtain q = 0 by hypothesis, so
exe = ex. Similarly, exe = xe.
(2) By (1), eIe = eI is a factor ring of I and hence is uniquely clean.
(3) Write J = J (I), and suppose 2a /∈ J . Then by Corollary 6 there exists 0 = e2 = e ∈
2aI 1, say e = 2a(n+b) where n ∈ Z and b ∈ I . By (2), eIe is a uniquely clean ring. Then,
by [11, Lemma 18], 2e ∈ J (eIe) = eIe ∩ J , so e = (2e)a(n+ b) ∈ J , a contradiction.
(4) Write Q = Q(I); clearly J ⊆ Q. If q ∈ Q − J , use Corollary 6 to choose 0 =
e2 = e ∈ qI 1, say e = q(n + b) where n ∈ Z and b ∈ I . Since e is central by (1), we
have eqe ∈ U(eIe) and eqe ∈ Q(eIe). It follows that e + eqe ∈ U(eIe) and hence, since
2e ∈ J (eIe) by (3), that eqe−e = (e+eqe)−2e ∈ U(eIe). But 0+eqe = e+(eqe−e) so
we get e = 0 because I is uniquely clean, a contradiction. Hence Q ⊆ J , as required. 
304 W.K. Nicholson, Y. Zhou / Journal of Algebra 291 (2005) 297–311The radical rings are precisely the clean general rings with no nonzero idempotents
(Lemma 1), so we obtain
Corollary 17. If n 2, then Mn(I) is uniquely clean if and only if I is a radical ring.
We say that idempotents lift uniquely modulo an ideal A of a general ring I if, when-
ever x2 − x ∈ A, x ∈ I , there exists a unique idempotent e ∈ I such that x − e ∈ A.
Theorem 18. The following are equivalent for a general ring I :
(1) I is uniquely clean.
(2) For each x ∈ I , there exists a unique e2 = e ∈ I such that x − e ∈ J (I).
(3) I/J (I ) is boolean and idempotents lift uniquely modulo J (I).
(4) I/J (I ) is boolean, idempotents lift modulo J (I), and idempotents in I are central.
Proof. Write J = J (I), Q = Q(I) and I¯ = I/J .
(1) ⇒ (2). For x ∈ I , we have x = e+ q where e2 = e and q ∈ Q. Hence x − e = q ∈ J
by Proposition 16. Suppose that f 2 = f ∈ I also satisfies x − f ∈ J . Then e − f ∈ J ,
whence e − ef and f − ef are idempotents in J (idempotents are central by Proposi-
tion 16). Thus e = ef = f , proving (2).
(2) ⇒ (3). This is clear.
(3) ⇒ (4). If e2 = e ∈ I , we must prove that e is central. If x ∈ I then f = e + (ex −
exe) is an idempotent in I that lifts e because I/J is commutative (being boolean). Hence
e = f by (3), that is ex = exe. Similarly, xe = exe.
(4) ⇒ (1). Observe first that, if x ∈ I , then (using (4) twice) x2 − x ∈ J so x = e + a
where e2 = e and a ∈ J . In particular, I is clean; for uniqueness we need the
Claim. Q ⊆ J .
Proof. If q ∈ Q, write −q = g + c, g2 = g, c ∈ J . Then −g = q + c ∈ Q by Lemma 9,
say (−g) ∗ y = 0. Since g2 = g, this implies that g = 0, so q = −c ∈ J , as required. 
Finally, to show uniqueness, let x = e + a = f + b where e2 = e, f 2 = f and a, b ∈
Q ⊆ J . Then e − f ∈ J , so e − ef and f − ef are idempotents in J , so e = ef = f and
(1) follows. 
Corollary 19. Let I be a uniquely clean general ring and A I . Then A and I/A are both
uniquely clean.
Proof. Write J = J (I). Idempotents in A are clearly central, and A/J(A) = A/(A∩J ) ∼=
(A + J )/J ⊆ I/J is boolean so, by Theorem 18, it remains to show that idempotents lift
in A modulo J (A). But if a2 − a ∈ J (A), a ∈ A, choose e2 = e ∈ Ia with e − a ∈ J (by
Corollary 4). Then e ∈ A and e − a ∈ A∩ J = J (A).
Turning to I = I/A, let x ∈ I and write x¯ = x+A. By Theorem 18, let x = e+q where
e2 = e and q ∈ J . Then x¯ = e¯ + q¯ with e¯2 = e¯ and q¯ ∈ J (I ). Suppose x¯ = f¯ + p¯ where
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we may assume that e2 = e and f 2 = f , so e and f are central in I by Proposition 16.
Thus e¯ and f¯ are central idempotents of I , and e¯ − f¯ = p¯ − q¯ ∈ J (I ). Hence e¯ = f¯ as
required. 
The equivalent conditions in the next lemma arise in Theorem 21 below, and have inde-
pendent interest.
Lemma 20. Let I be a general ring and write J (I) = J . The following are equivalent:
(1) Every image of I/J has zero Jacobson radical.
(2) J (I/A) = (A+ J )/A for each A I .
Proof. (1) ⇒ (2). Write J (I/A) = B/A where B  I , so that (A+J ) ⊆ B . Since B/(A+
J ) is an image of B/A, we have B/(A + J ) ⊆ J [I/(A + J )]. But I/(A + J ) is an image
of I/J , and so J [I/(A+ J )] = 0 by (1). Hence B = (A+ J ), proving (2).
(2) ⇒ (1). The images of I/J have the form (I/J )/(C/J ) ∼= I/C where J ⊆ C  I .
But J (I/C) = (C + J )/C = C/C = 0 by (2), proving (1). 
Theorem 21. Let I be a general ring and let A I . Then I is uniquely clean if and only if
the following conditions hold:
(1) A and I/A are uniquely clean.
(2) Every idempotent of I/A can be lifted to a central idempotent of I .
(3) J (I/A) = (A+ J )/A.
Proof. Write J (I) = J , I/A = I¯ and x¯ = x + A for each x ∈ I . If I is uniquely clean,
then (1) is Corollary 19, (2) is by Corollary 4 and Proposition 16, and (3) is by Lemma 20
(I/J is boolean by Theorem 18).
Conversely, assume that (1)–(3) all hold, and let x ∈ I . Since I/A is uniquely clean,
use Theorem 18 to write x¯ = e¯ + q¯ where e2 = e ∈ I is central by (2), and q¯ ∈ J (I¯ ) =
(A+ J )/A by (3), say q¯ = b¯ where b ∈ J . Hence x − e − b ∈ A. Since A is also uniquely
clean, we have x − e − b = f + p where f 2 = f ∈ A and p ∈ J (A) ⊆ J . Thus x =
e + f + c with c = p + b ∈ J . Now observe that eI + A + J = eI ⊕ K where K =
{t − et | t ∈ A + J } is an ideal of I (since e is central). Since f ∈ A ⊆ eI ⊕ K , write
f = er + k where r ∈ I and k ∈ K . Hence (er)2 = er and k2 = k. Also, 2f ∈ J (A) ⊆ J
by Proposition 16, so 2er = 2(ef ) ∈ J . Thus
x = g + d where g2 = g = (e − er)+ k and d = c + 2er ∈ J.
Suppose that x can also be written as x = h + w where h2 = h ∈ I and w ∈ J ; by The-
orem 18 it remains to show that h = g. So it suffices to show that hg = gh (since then
g − gh and h − hg are idempotents in J ). By (2), h = h0 + v where h0 is a central idem-
potent in I and v ∈ A. Since A is uniquely clean, f ∈ A is central in A, so f v = vf and
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gh = eh− (er)h + kh = he − h(er)+ hk = hg. 
Corollary 22. Let S = E(R; I ). Then S is uniquely clean if and only if the following con-
ditions hold:
(1) R and I are uniquely clean.
(2) If a2 = a ∈ R, then (a,0) is a central idempotent in S.
(3) For all a ∈ J (R), there exists x ∈ I such that (a, x) ∈ J (S).
Proof. Let K = {(0, x) | x ∈ I }. Then K  S, S/K ∼= R, and K ∼= I . The following can
be easily verified: condition (1) means that S/K and K are uniquely clean; and condition
(3) is equivalent to J (S/K) = (K + J (S))/K . Condition (2) asserts that idempotents of
S/K are lifted to central idempotents of S. If S is uniquely clean, then (2) holds because
(a,0) is an idempotent in S for any a2 = a ∈ R, and so (a,0) is central by Theorem 18. So
the corollary follows from Theorem 21. 
Example 23. Let R be a uniquely clean ring and let {Ij }j be a family of ideals of R. Then
E(R;⊕j Ij ) is a uniquely clean ring.
Proof. We verify the three conditions in Corollary 22.
(1) Since R is uniquely clean, each Ij is uniquely clean by Corollary 19; so
⊕
j Ij is
uniquely clean by Example 14.
(2) If a2 = a ∈ R, then a is central by Proposition 16, and (2) follows.
(3) Let a ∈ J (R) and write S = E(R;⊕j Ij ); we prove that (a,0) ∈ J (S). For all
(r, x) ∈ S with x = x1 + · · ·+ xn where xk ∈ Ijk for each k, we have (1,0)− (a,0)(r, x) =
(1 − ar,−ax). Since a ∈ J (R), let yk = (u − axk)−1axku−1 ∈ Ijk for each k, and write
y = y1 +· · ·+ yn ∈⊕j Ij . Then (u− axk)yk = axku−1, so uyk − axy − axu−1 = 0. Thus
uy − axkyk − axku−1 = 0, and so
(1 − ar,−ax)(u−1, y)= (u,−ax)(u−1, y)= (1, uy − axy − axu−1) = (1,0).
Hence (a,0) ∈ J (S), so S is uniquely clean by Corollary 22. 
5. Semiboolean rings
This section is devoted to an important notion, identified in the following lemma, that
lies between being clean and being uniquely clean.
Lemma 24. The following are equivalent for a general ring I :
(1) Each x ∈ I has the form x = e + a where e2 = e and a ∈ J (I).
(2) I is clean and Q(I) = J (I).
(3) I/J (I ) is boolean and idempotents lift modulo J (I).
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q ∈ Q(I), then q + J (I) ∈ Q[I/J (I )], and Q[I/J (I )] = 0 because I/J (I ) is boolean.
Hence (3) ⇒ (2). 
With an eye on condition (3), we call a general ring I semiboolean if it satisfies the
conditions in Lemma 24. Thus boolean general rings and radical rings are semiboolean.
Example 25. Let I and Ij denote general rings.
(1) Every uniquely clean general ring is semiboolean.
(2) Every image of a semiboolean ring is again semiboolean.
(3) A direct product jIj or a direct sum
⊕
j Ij of general rings is semiboolean if and
only if each Ii is semiboolean.
(4) If n 1, then Tn(I ) is semiboolean if and only if I is semiboolean.
(5) If n 2, then Mn(I) is semiboolean if and only if I is radical.
Proof. (1) is by Theorem 18, (2) and (3) are routine consequences of Lemma 24, and (4)
follows from (2) and the fact that J [Tn(I )] consists of the matrices with each diagonal
entry from J (I). As to (5): if I is a radical ring, then Mn(I) is also a radical ring and so is
semiboolean. Conversely, if Mn(I) is semiboolean, then Mn(I/J (I )) ∼= Mn(I)/J (Mn(I))
is boolean by Lemma 24. It follows that I/J (I ) = 0. 
The ring T2(Z2) is semiboolean by Example 25, but it is not uniquely clean because
idempotents are not central. Since Z9 is clean but not semiboolean, the implications
uniquely clean ⇒ semiboolean ⇒ clean
are both nonreversible (even for artinian rings).
Proposition 26. A general ring I is uniquely clean if and only if I is semiboolean and all
idempotents of I are central.
Proof. The forward implication is by Example 25 and Proposition 16. Conversely, suppose
I is semiboolean with central idempotents. Then R is clean by Example 25 and, to show
that I is uniquely clean, it suffices (by Lemma 24) to show that, for any idempotents e and
f , e−f ∈ J (R) implies e = f . But this can be easily proved since e and f are central. 
Proposition 27. The following hold for a semiboolean general ring I :
(1) Every ideal A I is semiboolean.
(2) eIe is semiboolean for every e2 = e ∈ I .
(3) For a, b ∈ I , a ∗ b = 0 implies b ∗ a = 0.Proof. Write J (I) = J .
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Example 25, so A/J(A) is boolean. Moreover, A is clean by Theorem 8 so idempotents lift
in A modulo J (A) by Corollary 4. So a2 −a ∈ J (A) for a ∈ A. By Theorem 6, there exists
e2 = e ∈ I such that a − e ∈ J (A). Thus, e ∈ A and a = e + (a − e) with a − e ∈ J (A).
(2) For a ∈ eIe, a2 − a ∈ J since I/J is boolean by Lemma 24. Thus, it follows that
a2 − a ∈ J ∩ eIe ⊆ eJ e ⊆ J (eIe). So eIe/J (eIe) is boolean. Now let x ∈ eIe satisfy
x2 −x ∈ J (eIe) = eJ e. By Corollary 4 choose f 2 = f ∈ xI with f −x ∈ J . Then ef = f
so g = f e satisfies g2 = g ∈ eIe and g − x = (f − x)e ∈ J ∩ eIe = J (eIe). So we are
done by Lemma 24.
(3) Let a ∗ b = 0. Write −a = e + q where e2 = e and q ∈ J . One verifies that e − b +
eb = −q −qb, so e = −eq − eqb ∈ J . Thus e = 0 and a = −q ∈ J, and so has a two-sided
quasi-inverse. Hence b ∗ a = 0. 
Lemma 28. Let I be a general ring and let A I . If A and I/A are boolean and idempo-
tents lift modulo A, then I is boolean.
Proof. Given x ∈ I we must show that x2 = x. By hypothesis, x2 −x ∈ A, so x−e ∈ A for
some e2 = e ∈ I . Now observe that xe − exe ∈ A (as I/A is commutative) so xe − exe =
(xe− exe)2 = 0 since A is boolean. Hence xe = exe and, similarly, ex = exe, so xe = ex.
Finally, write f = x − e, so that f e = ef . Moreover, f 2 = f (because f ∈ A and A is
boolean), so x2 − x = 2ef = 0 because ef ∈ A and A is boolean. 
Theorem 29. Let I be a general ring and let A I . Then I is semiboolean if and only if
the following conditions hold:
(1) A and I/A are semiboolean.
(2) Every idempotent of I/A can be lifted to an idempotent of I .
(3) J (I/A) = (A+ J (I))/A.
Proof. Write J (I) = J . If I is semiboolean, then: (1) follows from Example 25 and Propo-
sition 27; (2) is by Theorem 10; and (3) is by Lemma 20 because I/J is boolean.
Conversely, assume that (1)–(3) hold. Then both A and I/A are clean by (1), and so are
exchange by Theorem 2. Moreover idempotents lift modulo A by (2), so I is exchange by
a theorem of Ara [1, Theorem 2.2]. In particular, idempotents lift in I modulo J by [9]
so, to show that I is semiboolean, it remains by Lemma 24 to show that I/J is boolean.
Observe first that I/J is exchange so, idempotents lift in I/J modulo (A + J )/A, again
by [9]. There is an exact sequence
0 → (A+ J )/J → I/J → I/(A+ J ) → 0
so, to show that I/J is boolean, it suffices by Lemma 28 to show that (A + J )/J and
I/(A+ J ) are both boolean. But
A+ J A A
J
∼=
A∩ J = J (A),
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I
A+ J
∼= I/A
(A+ J )/A =
I/A
J (I/A)
.
Hence both are boolean by (1). 
Corollary 30. Write S = E(R; I ) where R is a (unital) ring and I = RIR is a bimodule.
Then S is semiboolean if and only if the following conditions hold:
(1) R and I are semiboolean.
(2) For all a ∈ J (R), there exists x ∈ I such that (a, x) ∈ J (S).
Proof. Let A = {(0, x) | x ∈ I }. Then A S, S/A ∼= R, and A ∼= I . The following can be
easily verified: condition (1) is the same as A and S/A being semiboolean; condition (2)
is equivalent to J (S/A) = (A + J (S))/A. Since idempotents of S/A can always be lifted
to idempotents of S, the claim follows from Theorem 29. 
Proposition 31. Let R be a ring.
(1) R is local and semiboolean if and only if R/J (R) ∼= Z2.
(2) The following are equivalent:
(a) R is semiperfect and semiboolean.
(b) There exist orthogonal idempotents {e1, . . . , en} in R such that 1 = e1 + · · · + en
and, for any i and any a ∈ R, either aei ∈ J (R) or aei − ei ∈ J (R).
(c) There exists a chain J (R) = A0 ⊂ A1 ⊂ · · · ⊂ An = R of ideals of R such that
there exists ei = e2i ∈ Ai −Ai−1 and Ai/Ai−1 ∼= Z2 for i = 1, . . . , n.
Proof. Write J (R) = J .
(1) If R is local and semiboolean, then R/J ∼= Z2 because it is both a division ring and
a boolean ring. Conversely, if R/J ∼= Z2, then R is local and idempotents lift modulo J .
So R is semiboolean by Lemma 24.
(2a) ⇔ (2b). If R is semiperfect semiboolean, then R/J is semisimple artinian and
boolean. It follows that R/J is a finite direct product of copies of Z2. So R/J = [R1/J ]⊕
[R2/J ] ⊕ · · · ⊕ [Rn/J ] where Ri  R and Ri/J ∼= Z2 for each i. Write 1¯ = r¯1 + · · · + r¯n
where ri ∈ Ri (i = 1, . . . , n). Then {r¯1, · · · , r¯n} are orthogonal idempotents in R/J . By a
well-known result of lifting idempotents, there exist orthogonal idempotents {e1, . . . , en}
in R such that ei − ri ∈ J for each i and 1 = e1 + · · · + en. It follows that ei ∈ Ri \J . For
a ∈ R, if aei /∈ J , then aei − ei ∈ J since Ri/J ∼= Z2.
Conversely, let {e1, . . . , en} be as in the hypothesis. For any a ∈ R, a = ae1 + · · · + aen
where, for some k with 1 k  n, aei /∈ J for i  k and aei ∈ J for i > k. So aei − ei ∈ J
for i = 1, . . . , k. Thus, a = e+ j where e = e1 + · · · + ek is an idempotent and j = (ae1 −
e1)+· · ·+ (aek −ek)+aek+1 +· · ·+aen ∈ J . So R is semiboolean. Thus, R/J is boolean,
and hence R/J = e¯1R ⊕ · · ·⊕ e¯nR is a ring direct sum such that each e¯iR ∼= Z2. It follows
that R is semiperfect.
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of copies of Z2. It follows that there exist maximal ideals M1, . . . ,Mn of R such that J =⋂n
i=1 Mi and J =
⋂
i =k Mi for any k with 1 k  n. Write Aj =
⋂n−j
i=1 Mi , so we have a
chain J = A0 ⊂ A1 ⊂ · · · ⊂ An−1 ⊂ An = R. Note that Aj/Aj−1 ∼= R/Mn−j+1 ∼= Z2 for
j = 1, . . . , n. So each Aj/Aj−1 has a nonzero idempotent. Since Aj is semiboolean by
Proposition 27, every idempotent of Aj/Aj−1 lifts to an idempotent of Aj by Corollary 4.
It follows that Aj \Aj−1 contains an idempotent.
Conversely, assume (2c) holds and that Ai−1 is semiboolean for some i  1. Then the
conditions in Theorem 29 are satisfied, so Ai is semiboolean. Hence R is semiboolean by
induction. In particular, idempotents lift modulo J and R/J is boolean. But (2c) implies
that R/J is artinian, so R is semiperfect. 
A ring R is semiperfect if and only if there are orthogonal idempotents {e1, . . . , en} in
R such that 1 = e1 + · · · + en and each eiRei is local. Thus, by (1) of Proposition 31,
a semiperfect semiboolean ring R has orthogonal idempotents {e1, . . . , en} such that
1 = e1 + · · · + en and each eiRei/eiJ (R)ei ∼= Z2. But, the converse does not hold: let
R = [Z2 Z2
Z2 Z2
]
. Then J (R) = 0, so R is not semiboolean by Lemma 24. But if e1 =
[ 1 0
0 0
]
and e2 =
[ 0 0
0 1
]
, then {e1, e2} are orthogonal idempotents and 1 = e1 + e2 and eiRei ∼= Z2
for each i.
Example 32. The following can easily be verified:
(1) Let A and B be general rings, and let V =AVB be a bimodule. Then the formal tri-
angular matrix general ring
[
A V
0 B
]
is semiboolean if and only if both A and B are
semiboolean. In particular, for each n  1, the n × n upper triangular matrix general
ring over a semiboolean general ring R is semiboolean.
(2) Let I be a general ring. Then I is semiboolean if and only if the power series general
ring Ix is semiboolean. (Note that J (Ix) = J (I)+ xI .)
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